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Resit Exam
Mechanics & Relativity 2017-2018 (part 1b) and NAMR2
April 11 or 12, 2018

INSTRUCTIONS

e Use a black or blue pen.

e This exam comprises 4 problems. Start your solution of each problem on a new
page.

e The answers require clear arguments and derivations, all written in a well-readable
manner. Scrap paper will not be graded and should not be submitted.

e The total number of points per problem is

Problem | # of
points
1 6
2 5
3 8
4 9

and the grade is computed as (total # points) /28 x 9 4 1.

Some useful formulas

The mass of the thin-walled sphere, the thin disk and the rod shown below is M and
distributed uniformly. The moments of inertia about the axis (shown by the dashed-
dotted line) through their center of mass are:
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Problem 1 (6 points) Consider two identical masses
attached with springs with different spring constants
denoted by k* and k. Let us assume that the first
mass is displaced by x; from its equilibrium and the
second mass is displaced by x5 from its equilibrium.

a. Show that the net force acting on mass 1 is given by

= *“kfl?l — k*azl -+ ]C*QZQ.

b. Show that the net force acting on mass 2 is given by

P =—kxy — k2o + k¥ 2q.

c. Show that the solution for x; + 25 as a function of time can be expressed by
x1 + xy = A cos(wst + @s),
where A, is the amplitude, ¢, is the phase and w;, is the frequency. Determine w;.

d. Similarly show that the solution for z; — z5 can be expressed by
T1 — Lo = Af cos(wft + ¢f),
where Ay is the amplitude, ¢; is the phase and wy is the frequency. Determine wy.

e. Find the motion of the two masses separately, i.e. 21(t) and x5(t).

Problem 2 (5 points) A mass m hangs from a massless
string of length [ under the influence of gravity. Condi-
tions have been set up such that the mass goes around
in a horizontal circle, with the string making a constant
angle 0 with the vertical. It is intuitively clear that the
angle increases as the velocity v of the mass increases.
The reason for this will be explored here by two ob-
servers: a stationary one and one who is co-rotating
with the mass.

a. Draw the free-body diagrams of the mass (i.e. isolated from its environment, yet
with all forces from the environment) as seen by the two observers.

b. Explain how both observers immediately conclude that the the tension in the string,
T, is given by
T =mg/cosb .
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¢. The co-rotating observer uses a similar argument to conclude that
Tsin§ = mv*/2,
with r = [sin §. Explain.

d. Does the stationary observer agree with this observation? Explain the difference in
the arguments.

Problem 3 (8 points)

Two balls of radius a and mass m can slide without friction along a horizontal rod A'B’.
The rod has length 2R and mass M, and can rotate freely around a vertical axis through
the center of the rod. Initially, the balls are kept close to the axis of rotation (positions AB)
and the system spins with angular velocity wg. Since there is no friction, the rod+balls
will rotate at the same speed, until, at a certain moment, the balls are released. Due to
the centrifugal force they will both slide outwards and the angular velocity will change.
When the balls hit the respective ends of the rod A'B’, they get locked into position at the
barbed ends* (indicated in the schematic as ))) and {() as if it were a completely inelastic
collision. In the pinned position the distance from the center of each ball to the axis is R.

2R

l ]
™~ 1

Y7y
W

7]

a. Show that the moment of inertia of a solid sphere of mass m and radius a through
its center is equal to %maQ. Hint: make use of the moment of inertia of a thin-walled
sphere, given under Useful Formulas on the front page.

b. Determine the moment of inertia of the system about the vertical axis of rotation
when the centers of the balls are located at a distance r from this axis.

¢. Compute the ratio between the angular velocity w(R) at the moment that the balls
have reached the ends of the rod and the initial value wg. Show that this ratio is
equal to 1/7 when M = m and the size of the balls a can be neglected relative to
R.

d. How much energy gets dissipated when the balls are pinned at the ends?

*NL: weerhaken
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Problem 4 (9 points) :

From a dynamical point of view, a satellite of mass
m can be regarded as a set of two identical disks
of radius a. The disks are connected by a massless
rod of length 2a. The satellite spins freely in space
around its axis with angular velocity wy.

At a certain moment, a meteorite with velocity vy
impacts and gets attached to the satellite at the
edge of one of the disks (point B). The mass of the
meteorite, mg, is so much smaller than that of the
satellite, that it does not influence the moment of
inertia, yet the in-elastic collision induces a pre-
cession motion. In order to describe this motion,
we introduce a set of base vectors at the center of
mass of the satellite, with x5 along the axis of ini-
tial rotation, X, parallel to the disks and pointing
opposite to the location of impact, and %X; com-
pleting a right-handed system.

2a

a. Argue why X; (i = 1,2.3) are principal axes and show that the principal moments

of inertia are given by (hint: make use of the moments of inertia of a disk)

5
Il :]2 = ZmCZQ,

In the sequel, use the shorthand [ = I = L.

1

I3 = Ema‘ .

b. The spin vector prior to impact is w = wxs. Compute the spin vector after the

blow.

c. Determine the orientation of the precession axis relative to the satellite in a clear

graph.

Vi)
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Solutions Resit Exam
Mechanics & Relativity 2017-2018 (part 1b) and NAMR2
April 11-12, 2018

Problem 1
a. Force on mass 1 by moving x; while keeping x5 fixed is : F, = —kx; — k*z; Now
Force acting on mass 1 by moving zy while holding x; fixed is : F, = k™z5. The net
force acting on mass 1 is then F = F, + F, = —(k + k*)xy + k*xo.
b. Similarly we can work out for mass 2 also, and the net force will be F' = —(k +
k*)xg + ]{J*.’El.
¢. Since,
mi’l = —(k‘ + k*)$1 + k*xg
mie = —(k + k*)ae + k21
therefore,

m(arl + CI’)Q) = —k(wl + LEQ)

x1 + 2o = A cos(wst + ¢s), Wy = —7%
d. Similarly, we can show that
m(Zy — Zo) = (—k — 2k") (21 — 22)
Ty — 2o = Apcos(wst + @), wr= kerQk*

e. The normal modes are then x; and 9

r1 = s[(@1 + m2) + (21 — @2)] = %[As cos(wst + ¢s) + Ay cos(wst + ¢y

[N Bl NN I el

zy = =[(21 + 22) — (21 — 22)] = %[AS cos(wst + ¢s) — Af cos(wst + ¢s)]
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Problem 2
a.
\ r
| .
' QJ
| |
|
|
* ------ mv2/r
r=1sin6
mg
stationary co-rotating

b. Because of vertical equilibrium: mg — T cos 8 = 0.

c. Horizontal equilibrium of forces, because the mass is at rest for the co-rotating
observer: mv?/r — T'sin = 0.

d. Yes, since from the vantage point of the stationary observer, the mass needs to
have a centripetal acceleration aee,; = v?/r in order for it to circle around. This
acceleration is supplied by the force pointing inwards: T'sin 0 = macent.

Problem 3

a. The moment of inertia of a solid sphere is the sum of infinitesimal moments of inertia
dI of a spherical shell of mass dm and radius r € [0,a]: dI = 2r’dm. The mass
dm is determined by the mass density p = m/(37a®) and the volume of the shell,
4mrr?dr. Putting this information together, we find

T 2 T 2
I = / 2 4ml Arr?dr = 2%/ r*dr = Zma?.
o 3 3mad a® Jo 5

ged
b. The moments of inertia of the components are given by:

1 1 2
Log = —=M(2R)? = 2MR?, Ipy = =ma?
4= 73 (2R) 3]\]R o Tean 5ma

Making use of the parallel axis theorem for the balls at position r, we find in total

1 2
I(r) = g]\JR2 +2m <ga,2 + 7’2> .




c¢. Conservation of angular momentum requires:
I(r)w(r) = constant

implying that

w(R)  I(a)
When M = m and o << R this gives
1 2 1 2 2 1 2
I{a) ~ gMR , I(R)= gMR +2MR* = gMR
and
w(R) 1

Wo

as requested.

d. The amount of dissipated energy AFE is the difference between the initial energy
(when the balls do not yet have a radial velocity) and the energy after the balls
have been clamped (and lost their radial kinetic energy):

1 s 1 2
AE = 5[(@)@00 — §I(R)w (R)

1 o 1 5o _ 1 2
= gla)wo” = Swo'l (a)/I(R) = 51(a)wo”[L — I(a)/I(R)].

In the limiting case M =m and a << R: AF = %MRQ.

Problem 4

a. The x; (i = 1,2.3) denote principal axes because X3 coincides with an axis of axial
symmetry, and because the satellite is symmetric about both the %x; and the x;
axes.

The moment of inertia of a disk with radius r and mass m about its axisis 1, = %mrQ.

As I, en I, (in the CM of the disk) are equal and satisfy I, + I, = I,, we have
I, =1, =mr?/4.

The moment of inertia of the satellite about its axis of rotation therefore is I3 =
22(m/2)a* = $ma®. The other two principal moments of inertia are equal to the I,
of two disks, each shifted by a distance a away from the CM:

1 5
I =1L =2|>(m/2)a* + (m/2)a?| = ZmCLQ.

4 ,
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b. This problem needs to be analysed by conservation of angular momentum (energy

is not conserved during the inelastic impact). Angular momentum (with respect to
the CM) prior to impact is:

Lbefore = lw + Lmeteorite>

where the first term is simply equal to Iw = I3wX3 because %X; (i = 1,2.3) are
principal axes. The contribution of the meteorite before impact can formally be
computed from Lygieorite = ¥ X p With r = —aXs and p = mgugX3, or by using
the geometric insight that its angular momentum points in the —%; direction (in
accordance with the right-hand rule) and has magnitude mgvoa:

Lvoor = Igwfig — m()’UOCL)A(l . (1)

To compute the angular momentum after impact, we use the information that the
meteorite has not changed the moment of inertia; the spin vector, however, is still
unknown. Denoting the spin component by {ws,ws, w3}, angular momentum after
impact is given by

Lagter = fwiXy + lwoXo + [3wsXs .

The condition L,ger = Lipeore allows finding each of the spin components individu-
ally, yielding

Moo N
- X1 + wX3

4m0’U0A R
= —= Xy + wXs .
5 ma

W =

The physical interpretation is that the spin about its original axis of rotation
does not change because the satellite is much heavier than the meteorite. Yet, the
meteorite does induce a spin perpendicular to the it; the magnitude of this spin is
not necessarily small: it depends on wg!

. Angular momentum is conserved, so L is a fixed vector in space. From a fixed point
in space it therefore looks as if the satellite rotates around L (with w in between
L and %3 because I3 < I). During this motion, the spin vector traces a cone in

space as indicated below. The orientation of the precession axis with respect to the

satelite is controlled by the angle between L and Xs.




Write your name and student ID on every sheet 9




